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Equivalent of the elliptic function solutions of nonlinear differential equations
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In this paper, we point out that many Jacobi elliptic function solutions to non-linear differential equa-
tion(NDE) can be transformed each other via the modulus and phase transformation of Jacobi elliptic func-
tion. Therefore these solutions are equivalent. We investigate equivalent of the Jacobi elliptic function solutions
of Korteweg-de Vries (mKdV) equation as a example.
PACS numbers: 00A99; 97U60; 97U70
I. INTRODUCTION
In recent decades, nonlinear differential equation(NDE) become research focus, so the methods for solving them have been
developed rapidly. Among them, a series Jacobi elliptic function solutions of nonlinear equations were given by the means of the
Jacobi elliptic function expansion method[1] and its modified form[2,3] . In fact, many forms of Jacobi elliptic function solutions
can be obtained from one of them using the transformation of the Jacobi elliptic function, therefore, they are equivalent. Further
more, Jacobi elliptic function expansion method and its related correction method to reduce the number of expanded form, or
expansion to certain restrictions, such as in Ref.[4] they have mentioned a few transformations of the Jacobi elliptic function, and
used them to simplify the Jacobi elliptic function expansion. In Ref.[5], they pointed out that Jacobi elliptic transformation can be
use to obtain other Jacobi elliptic functional solutions of NDE. In this paper, we point out that we should test wether the solutions
are equivalent and we give a more systematic and comprehensive shown for transformation of the Jacobi elliptic function which
can help us to test. Basing on any one of the known NDE’s Jacobi elliptic function solutions, you can get other Jacobi elliptic
function solutions by the transformation, of cause they are equivalent solutions. Finally, we investigate Jacobi elliptic function
solutions to mKdV equation as a example.
The paper is organized as follows: In section II, we review the modulus and phase transformation of Jacobi elliptic function
and give some new forms of them. A treatment for the Jacobi elliptic function solutions to mKdV equation as an example is
shown in section III. In the last section, we give a brief conclusion.
II. JACOBI ELLIPTIC TRANSFORMATION
The definition and some properties of the Jacobi elliptic function can see appendix. Assuming sn(x + φ|λ) can become S(x)
by the module and phase transformation, at the same time cn(x + φ|λ) and dn(x + φ|λ) become S(x) and D(x) respectively, then
S, C, and D meet the follow equations[8]
dS
dx = CD, S
2
+C2 = 1, D2 + λS 2 = 1, (1)
where φ can determined by equations
sn(φ|λ) = S (0), cn(φ|λ) = C(0), dn(φ|λ) = D(0). (2)
If two Jacobi elliptic function solutions of a NDE satisfy (1) and (2), we can say that the two solutions are equivalence. By the
means of appendix and (1) , we can get the follow expressions (some of them were given by Ref. [8])
sn(
√
kx|1k ) =
√
ksn(x|k), (3)
cn(
√
kx|1k ) = dn(x|k), (4)
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2dn(
√
kx|1k ) = cn(x|k). (5)
sn
(√
kx + i
√
kK′(k) + ϕ|1k
)
= (−1)pns(x|k), (6)
cn
(√
kx + i
√
kK′(k) + ϕ|1k
)
= (−1)p+q+1ics(x|k), (7)
dn
(√
kx + i
√
kK′(k) + ϕ|1k
)
=
(−1)q+1i√
k
ds(x|k), (8)
sn
(√
kx +
√
kK(k) + ϕ|1k
)
= (−1)p
√
k · cd(x|k), (9)
cn
(√
kx +
√
kK(k) + ϕ|1k
)
= (−1)p+q
√
k′ · nd(x|k), (10)
dn
(√
kx +
√
kK(k) + ϕ|1k
)
= (−1)q+1
√
k′sd(x|k), (11)
sn
(√
kx + i
√
kK′(k) +
√
kK(k) + ϕ|1k
)
= (−1)p · dc(x|k), (12)
cn
(√
kx + i
√
kK′(k) +
√
kK(k) + ϕ|1k
)
= (−1)p+qi
√
k′ · cs(x|k), (13)
dn
(√
kx + i
√
kK′(k) +
√
kK(k) + ϕ|1k
)
= (−1)q+1i
√
k′
k nc(x|k), (14)
where ϕ = 2pK(1/k) + 2iqK(1/k)′.
sn(ix|k′) = i · sc(x|k), (15)
cn(ix|k′) = nc(x|k), (16)
dn(ix|k′) = dc(x|k), (17)
sn(i
√
kx| − k
′
k ) = i
√
k · sd(x|k), (18)
cn(i
√
kx| − k
′
k ) = nd(x|k), (19)
dn(i
√
kx| − k
′
k ) = cd(x|k), (20)
sn(
√
k′x| − kk′ ) =
√
k′sd(x|k), (21)
cn(
√
k′x| − kk′ ) = cd(x|k), (22)
3dn(
√
k′x| − kk′ ) = nd(x|k), (23)
sn(i
√
k′x| 1k′ ) = i
√
k′sc(x|k), (24)
cn(i
√
k′x| 1k′ ) = dc(x|k), (25)
dn(i
√
k′x| 1k′ ) = nc(x|k), (26)
sn
(√k′ − ε) x|

√
k′ + ε√
k′ − ε
2
 = (√k′ − ε) cd(x|k) · sn(x|k), (27)
where ε2 = 1,
cn
(√k′ − ε) x|

√
k′ + ε√
k′ − ε
2
 = (ε√k′ − 1) sd(x|k)sn(x|k) + nd(x|k), (28)
dn
(√k′ − ε) x|

√
k′ + ε√
k′ − ε
2
 = 1 −
[
dn(x|k)2 + 1
]
sn(x|k)2
dn(x|k)
[(
ε
√
k′ − 1
)
sn(x|k))2 + 1
] , (29)
sn
12
(
ε
√
k′ + 1
)
x + φ|
1 − ε
√
k′
1 + ε
√
k′
2
 = (ε + √k′) · cn(x|k)√k′ − dn(x|k) , (30)
cn
12
(
ε
√
k′ + 1
)
x + φ|
1 − ε
√
k′
1 + ε
√
k′
2
 = iε
√
2
k
4√k′
√
[dn(x|k) + ε]
{(√
k′ + ε
)
[dn(x|k) − ε] + k
}
dn(x|k) − √k′
, (31)
dn
12
(
ε
√
k′ + 1
)
x + φ|
1 − ε
√
k′
1 + ε
√
k′
2
 = i
√
2k 4
√
k′sn(x|k)√
[dn(x|k) + ε]
{(√
k′ + ε
)
[dn(x|k) − ε] + k
} , (32)
where φ = −εK + 12 (1 + ε)iK′,
sn
 i2
(√
k + ε
)
x + φ|

√
k − ε√
k + ε
2
 = ε
√
ε +
√
k
ε −
√
k
dn(x|k)√
ksn(x|k) − 1
, (33)
cn
 i2
(√
k + ε
)
x + φ|

√
k − ε√
k + ε
2
 = ε
√(
ε +
√
k
)
dn(x|k)2 +
(√
k − ε
) [√
ksn(x|k) − 1
]2
√√
k − ε
(
1 −
√
ksn(x|k)
) , (34)
dn
 i2
(√
k + ε
)
x + φ|

√
k − ε√
k + ε

2 = cn(x|k)
ε
√
k + 1
√√√ k (√k + ε)(
ε +
√
k
)
dn(x|k)2 +
(√
k − ε
) [√
ksn(x|k) − 1
]2 , (35)
4where φ = ε
(
−K + iK′2
)
,
sn
(
1
2
(
iε
√
k′ +
√
k
)
x|
(
−
√
kε + i
√
1 − k
)4)
=
(
iε
√
k′ +
√
k
) sn(x|k)
1 + cn(x|k) , (36)
cn
(
1
2
(
iε
√
k′ +
√
k
)
x|
(
−
√
kε + i
√
1 − k
)4)
=
√
2
(√
k′ − iε
√
k
) [√
k′ + iε
√
kcn(x|k)
]
1 + cn(x|k) , (37)
dn
(
1
2
(
iε
√
k′ +
√
k
)
x|
(
−
√
kε + i
√
1 − k
)4)
=
√
2dn(x|k)√(√
k′ − iε
√
k
) [√
k′ + iε
√
kcn(x|k)
]
[1 + cn(x|k)]
, (38)
sn
2
√
ε
√
kx + φ|
ε
(
ε +
√
k
)2
4
√
k
 = i(ε + √k)
(
ε
√
ksn(x|k) + ns(x|k)
)
, (39)
cn
2
√
ε
√
kx + φ|
ε
(
ε +
√
k
)2
4
√
k
 = −i(1 + ε√k)
(
ε
√
kcs(x|k)dn(x|k)
)
, (40)
dn
2
√
ε
√
kx + φ|
ε
(
ε +
√
k
)2
4
√
k
 =
√−ε
2 4
√
k
(√
ksn(x|k) − εns(x|k)
)
, (41)
where φ = εiK′,
sn
2√ε 4√−kk′x + φ|
ε
(√
−k′ − ε
√
k
)2
4
√
−kk′
 =
(
ε
√
−k′ +
√
k
) (√
kcn(x|k) − ε
√
−k′nc(x|k)
)
, (42)
cn
2√ε 4√−kk′x + φ|
ε
(√
−k′ − ε
√
k
)2
4
√
−kk′
 = −
(√
k + ε
√
−k′
)
sn(x|k)dc(x|k), (43)
dn
2√ε 4√−kk′x + φ|
ε
(√
−k′ − ε
√
k
)2
4
√
−kk′
 = ε
1/2
√
k
2 4
√
−k′k
cn(x|k) + ε
√
−k′
k nc(x|k)
 , (44)
where φ = εK,
sn
2
√
ε
√
k′x + φ|
−ε
(√
k′ − ε
)2
4
√
k′
 = −1ε − √k′
[
εdn(x|k) −
√
k′nd(x|k)
]
, (45)
cn
2
√
ε
√
k′xx + φ|
−ε
(√
k′ − ε
)2
4
√
k′
 =
(√
k′ + ε
)
sn(x|k)cd(x|k), (46)
dn
2
√
ε
√
k′x + φ|
−ε
(√
k′ − ε
)2
4
√
k′
 = ε
3/2
2 4
√
k′
[
εdn(x|k) +
√
k′nd(x|k)
]
, (47)
5where φ = −K,
sn
12 iε
( 4√k + ε3/2)2 x + φ|  4
√
k − ε3/2
4√k + ε3/2
4
 = −
(
4√k + ε3/2
)
4√k + ε3/2
ε3/2 +
4√ksn(x|k)
ε3/2 − 4
√
ksn(x|k)
, (48)
cn
12 iε
( 4√k + ε3/2)2 x + φ|  4
√
k − ε3/2
4√k + ε3/2
4
 = 2iε
3/4 8√k
√
(1 + sn(x|k))
(
ε +
√
ksn(x|k)
)
(
4√k − ε3/2
) (
ε3/2 − 4
√
ksn(x|k)
) , (49)
dn
12 iε
( 4√k + ε3/2)2 x + φ|  4
√
k − ε3/2
4√k + ε3/2
4
 = 2ε−1/4
8√kcn(x|k)dn(x|k)(
4√k + ε3/2
) (
ε3/2 − 4
√
ksn(x|k)
) √
(1 + sn(x|k))
(
ε +
√
ksn(x|k)
) , (50)
where φ = ε+12 K +
iK′
2 ,
sn
12 i
(
(−ε)3/2 4
√
k′ + 4
√
−k
)2
x + φ|
 4
√
−k − (−ε)3/2 4√k′
4√−k + (−ε)3/2 4√k′
4
 = −
(
4√−k + (−ε)3/2 4√k′
)
4√−k − (−ε)3/2 4√k′
(
(−ε)3/2 4√k′ + 4√−kcn(x|k)
)
(
(−ε)3/2 4√k′ − 4√−kcn(x|k)
) , (51)
cn
12 i
(
(−ε)3/2 4
√
k′ + 4
√
−k
)2
x + φ|
 4
√
−k − (−ε)3/2 4√k′
4√−k + (−ε)3/2 4√k′
4

=
2i 8
√
−kk′
√
(2k − ε)2
√
(cn(x|k) + 1)
(√
kcn(x|k) − ε√k′
)
(−ε)1/4 (2k − ε)
(
4√−k − (−ε)3/2 4√k′
) (
4√−kcn(x|k) − (−ε)3/2 4√k′
) , (52)
dn
12 i
(
(−ε)3/2 4
√
k′ + 4
√
−k
)2
x + φ|
 4
√
−k − (−ε)3/2 4√k′
4√−k + (−ε)3/2 4√k′
4

=
1√
(cn(x|k) + 1)
(√
−kcn(x|k) − ε√k′
) −2 (−ε)−1/4
8√−kk′
√
(2k − 1)2sn(x|k)dn(x|k)
(2k − ε)
(
4√−k + (−ε)3/2 4√k′
) (
4√−kcn(x|k) − (−ε)3/2 4√k′
) , (53)
where φ = −K − iK′,
sn
12
(
1 + ε3/2 4
√
k′
)2
x + φ|
1 + ε3/2 4
√
k′
1 − ε3/2 4
√
k′
4
 = −ε
(
1 + ε3/2 4
√
k′
)
(
1 − ε3/2 4
√
k′
) dn(x|k) + ε3/2 4
√
k′
dn(x|k) − ε3/2 4√k′
, (54)
cn
12
(
1 + ε3/2 4
√
k′
)2
x + φ|
1 + ε3/2 4
√
k′
1 − ε3/2 4
√
k′
4
 = 2iε
3/4 8√k′
√
(1 + dn(x|k))
(
ε
√
k′ + dn(x|k)
)
(
1 − ε3/2 4
√
k′
) (
dn(x|k) − ε3/2 4√k′
) , (55)
dn
(
1
2
(
1 + ε3/2 4
√
k′
)2
x + φ|
(
1+ε3/2 4
√
k′
1−ε3/2 4
√
k′
)4)
=
2ikε−1/4k′1/8sn(x|k)cn(x|k)(
1+ε3/2 4
√
k′
)(
dn(x|k)−ε3/2 4√k′
)√
(1+dn(x|k))
(
ε
√
k′+dn(x|k)
) , (56)
where φ = −K − iK′.
III. INVESTIGATION OF JACOBI ELLIPTIC FUNCTION SOLUTIONS TO MKDV
In this section, we will apply our transform to NDE. We take the mKdV equation for example. The mKdV equation reads
ut + 6νu2ux + uxxx = 0, (57)
6where ν2 = 1, ν = 1 for positive mKdV(p-mKdV) equation, and ν = −1 for negative mKdV(n-mKdV) equation. If we use the
relation:
u = 2
√
ν
∂ tan−1(φ)
∂x
, (58)
Thus substitution of (58) in (57) gives: (
1 + φ2
)
(φt + φxxx) + 6φx
(
φ2 − φφxx
)
= 0, (59)
where φ is the function of x and t. Ref. [5,9–11] solved the equation (59), and got some Jacobi elliptic function solutions. Fu[11]
obtained p-mKdV’s more binary Jacobi elliptic function solutions using a systematical way, and pointed out the conditions for
the p-mKdV’s binary Jacobi elliptic function solutions existing. We will discuss the conditions for real solution of both p-mKdV
and n-mKdV. As all we known:
tanh−1(iφ) = i tan−1(φ), i tanh−1(φ) = tan−1(iφ), (60)
combining (58), we can find that if φ is imaginary number, then the solution of n-mKdV will be real. Therefor if considering
n-mKdV and p-mKdV’s real solutions at the same time, we can treat φ2 as a real. So when we known a solution of (59) given by
Ref. [5], we can get a lot of Jacobi elliptic function solutions of n-mKdV and p-mKdV. Such as
φ0 =
ia
√
kσ
c
sn (ξ| k) sn (η|m) , (61)
where
c4
a4
=
k
m
,
b = a
(
(k + 1)a2 + 3c2(m + 1)
)
,
d
c
= 3(k + 1)a2 + c2(m + 1), (62)
and
ξ = ax + bt + a0, η = cx + dt + c0, σ2 = 1. (63)
By the means of (21), using the transform ξ → √k′ξ, η → √m′η, k → k−k′ , m → m−m′ , we can get
φ1 = σ
a
c
√
k′k sd(a0 + bt + ax|k)sd(c0 + dt + cx|m), (64)
where
c4
a4
=
k′k
m′m
,
b
a
(1 − 2k)a2 + 3c2(1 − 2m), d
c
= (3 − 6k)a2 + c2(1 − 2m). (65)
The other Jacobi elliptic function solutions of mKdV equation are list in Table I. So these solutions of mKdV equation are
equivalent.
TABLE I: Jacobi elliptic function solutions of mKdV
number 2
√
ν ∂ tan
−1
∂x
c4
a4
, b
a
, d
c
1 iσa
√
ksc(η|m)sn(ξ|k)
c
k
m′ , (k + 1)a2 + 3c2(m − 2), 3(k + 1)a2 + c2(m − 2)
2 iσa
√
k′sc(η|m)sc(ξ|k)
c
k′
m′ , (k − 2)a2 + 3c2(m − 2), 3(k − 2)a2 + c2(m − 2)
3 aσ
√
k
√−m sd(η|m)sn(ξ|k)
c
√
m
− k
mm′ , (k + 1)a2 + 3c2(1 − 2m), 3(k + 1)a2 + c2(1 − 2m)
4 σa
√
k′m5/2sc(ξ|k)sd(η|m)
c(−m)5/2 − k
′
mm′ , (k − 2)a2 + 3c2(1 − 2m), 3(k − 2)a2 + c2(1 − 2m)
5 σa
√
kk′ sd(η|m)sd(ξ|k)
c
kk′
mm′ , (1 − 2k)a2 + 3c2(1 − 2m), (3 − 6k)a2 + c2(1 − 2m)
6 ia
√
kσcn(η|m)sn(η|m)sn(ξ|k)
cdn(η|m)
k
m2
, a2(k + 1) − 6c2(m − 2), 3a2(k + 1) − 2c2(m − 2)
7 iσa
√
k′cn(η|m)sc(ξ|k)sn(η|m)
cdn(η|m)
k′
m2
, a2(k − 2) − 6c2(m − 2), 3a2(k − 2) − 2c2(m − 2)
8 aσ
√
kk′cn(η|m)sd(ξ|k)sn(η|m)
cdn(η|m) − kk
′
m2
, a2(1 − 2k) − 6c2(m − 2), a2(3 − 6k) − 2c2(m − 2)
7continue I
number 2
√
ν ∂ tan
−1
∂x
c4
a4
, b
a
, d
c
9 iakσcn(η|m)cn(ξ|k)sn(η|m)sn(ξ|k)
cdn(η|m)dn(ξ|k)
k2
m2
,−2(k − 2)a2 − 6c2(m − 2),−6(k − 2)a2 − 2c2(m − 2)
10 2ia
√
kσcn(η|m)sn(ξ|k)σm
c(√m′−dn(η|m))
16k
m2
, a2(k + 1) − 32 c2(m − 2), 3a2(k + 1) − c
2
2 (m − 2)
11 2iaσσm
√
k′(σm+√m′)cn(η|m)sc(ξ|k)
c(√m′−dn(η|m))
16k′
m2
, 12
(
2a2(k − 2) − 3c2(m − 2)
)
, 3a2(k − 2) − c22 (m − 2)
12 2aσσm
√
kk′(σm+√m′)cn(η|m)sd(ξ|k)
c(√m′−dn(η|m)) −
16kk′
m2
, a2(1 − 2k) − 32 c2(m − 2), a2(3 − 6k) − 12 c2(m − 2)
13 2iakσσm(σm+
√
m′)cn(η|m)cn(ξ|k)sn(ξ|k)
cdn(ξ|k)(√m′−dn(η|m))
16k2
m2
, 12
(
−4(k − 2)a2 − 3c2(m − 2)
)
,−6(k − 2)a2 − 12 c2(m − 2)
14 iakσσkσm(σm+
√
m′)cn(η|m)cn(ξ|k)
c(√k′−dn(ξ|k))(√m′−dn(η|m))
k2
m2
, 12
(
a2(2 − k) − 3c2(m − 2)
)
,− 32 (k − 2)a2 − 12 c2(m − 2)
15 2a
√
kσσmdn(η|m)sn(ξ|k)
c
√
m′(√msn(η|m)−1)
16k
m′2 , a
2(k + 1) − 32 c2(m + 1), 3a2(k + 1) − c
2
2 (m + 1)
16 2aσσm
√
k′dn(η|m)sc(ξ|k)
c
√
m′(√msn(η|m)−1)
16k′
m′2 , a
2(k − 2) − 32 c2(m + 1), 3a2(k − 2) − 12 c2(m + 1)
17 2iaσσm
√
kk′dn(η|m)sd(ξ|k)
c
√
m′(√msn(η|m)−1) −
16kk′
m′2 , a
2(1 − 2k) − 32 c2(m + 1), a2(3 − 6k) − 12 c2(m + 1)
18 2akσσmcn(ξ|k)dn(η|m)sn(ξ|k)
c
√
m′dn(ξ|k)(√msn(η|m)−1)
16k2
m′2 ,−2(k − 2)a2 − 32 c2(m + 1),−6(k − 2)a2 − 12 c2(m + 1)
19 akσσkσmcn(ξ|k)dn(η|m)
c
√
m′(√msn(η|m)−1)(√k′−dn(ξ|k))
k2
m′2 ,
1
2 a
2(2 − k) − 32 c2(m + 1),− 32 (k − 2)a2 − c
2
2 (m + 1)
20 iaσσkσm
√
k′dn(η|m)dn(ξ|k)
c
√
m′(√msn(η|m)−1)(√ksn(ξ|k)−1)
k′2
m′2 ,
1
2 a
2(−k − 1) − 32 c2(m + 1),− 32 (k + 1)a2 − c
2
2 (m + 1)
21 2aσσm(
√
mσm+i
√
m′)√ksn(η|m)sn(ξ|k)
c(cn(η|m)+1)(σm √m′−i√m) 16k, (k + 1)a
2
+
3
2 c
2(2m − 1), 3(k + 1)a2 + 12 c2(2m − 1)
22 2aσσm
√
k′(√mσm+i√m′)sc(ξ|k)sn(η|m)
c(σm √m′−i√m)(cn(η|m)+1) 16k
′, (k − 2)a2 + 32 c2(2m − 1), 3(k − 2)a2 + 12 c2(2m − 1)
23 2aσσm
√
kk′(√mσm+i√m′)sd(ξ|k)sn(η|m)
c(i√m′σm+√m)(cn(η|m)+1) −16kk
′, (1 − 2k)a2 + 32 c2(2m − 1), (3 − 6k)a2 + 12 c2(2m − 1)
24 2akσσm(
√
mσm+i
√
m′)cn(ξ|k)sn(η|m)sn(ξ|k)
c(σm √m′−i√m)(cn(η|m)+1)dn(ξ|k) 16k
2, 32 c
2(2m − 1) − 2a2(k − 2), 12 c2(2m − 1) − 6a2(k − 2)
25 akσσkσm(
√
mσm+i
√
m′)cn(ξ|k)sn(η|m)
c(σm √m′−i√m)(cn(η|m)+1)(√k′−dn(ξ|k)) k
2, 32 c
2(2m − 1) − 12 a2(k − 2), 12 c2(2m − 1) − 32 a2(k − 2)
26 aσσkσm
√
k′(√mσm+i√m′)dn(ξ|k)sn(η|m)
c(i√m′σm+√m)(cn(η|m)+1)(√ksn(ξ|k)−1) k
′2, 32 c
2(2m − 1) − 12 a2(k + 1), 12 c2(2m − 1) − 32 a2(k + 1)
27 iaσσm(1−2θ[0.5−k])(
√
mσm+i
√
m′)sn(η|m)sn(ξ|k)
c(i√m′σm+√m)(cn(η|m)+1)(cn(ξ|k)+1) 1,
(
k − 12
)
a2 + 32 c
2(2m − 1),
(
3k − 32
)
a2 + 12 c
2(2m − 1)
28 ia
√
kσsn(ξ|k)(√mσmsn(η|m)2+1)
2c√σm(σm+√m) 4√msn(η|m)
k
4
√
mσm(σm+√m)2 , (k + 1)a
2
+ 3c2(m + 1) + 18c2 √mσm, 3(k + 1)a2 + c2(m +
1) + 6c2 √mσm
29 iaσ
√
k′sc(ξ|k)(√mσmsn(η|m)2+1)
2c 4
√
m
√
σm(σm+√m)sn(η|m)
k′
4
√
mσm(σm+√m)2 , (k − 2)a
2
+ 3c2(m + 1) + 18c2 √mσm, 3(k − 2)a2 + c2(m +
1) + 6c2 √mσm
30 aσ
√
kk′sd(ξ|k)(√mσmsn(η|m)2+1)
2c√σm(σm+√m) 4√msn(η|m) −
kk′
4
√
mσm(σm+√m)2 , (1−2k)a
2
+3c2(m+1)+18c2 √mσm, (3−6k)a2+c2(m+
1) + 6c2 √mσm
31 iakσcn(ξ|k)sn(ξ|k)(
√
mσmsn(η|m)2+1)
2c√σm(σm+√m) 4√mdn(ξ|k)sn(η|m)
k2
4
√
mσm(σm+√m)2 ,−2(k − 2)a
2
+ 3c2(m + 1) + 18c2 √mσm,−6(k − 2)a2 +
c2(m + 1) + 6c2 √mσm
32 iakσcn(ξ|k)σk(
√
mσmsn(η|m)2+1)
4c 4
√
m
√
σm(σm+√m)sn(η|m)(√k′−dn(ξ|k))
k2
64
√
mσm(σm+√m)2 ,
1
2 (2−k)a2+3c2(m+1)+18c2
√
mσm,− 32 (k−2)a2+c2(m+
1) + 6c2 √mσm
33 aσσk
√
k′dn(ξ|k) (√mσmsn(η|m)2+1)
4c 4
√
m
√
σm(σm+√m)sn(η|m)(√ksn(ξ|k)−1)
k′2
64
√
mσm(σm+√m)2 ,
1
2 (−k − 1)a2 + 3c2(m + 1) + 18c2
√
mσm,− 32 (k + 1)a2 +
c2(m + 1) + 6c2 √mσm
34 iaσ(1−2θ[0.5−k]sn(ξ|k)(
√
mσmsn(η|m)2+1))
4c 4
√
m
√
σm(σm+√m)(cn(ξ|k)+1)sn(η|m)
1
64
√
mσm(σm+√m)2 ,
(
k − 12
)
a2+3c2(m+1)+18c2 √mσm,
(
3k − 32
)
a2+c2(m+
1) + 6c2 √mσm
35 iaσ(
√
kσksn(ξ|k)2+1)(√mσmsn(η|m)2+1)
2c 4
√
m
√
σm(σm+√m)sn(η|m)sn(ξ|k)
√
k
m σk(σk+√k)2
σm(σm+√m)2 , (k+1)a
2
+6
√
kσka2+3c2(m+1)+18c2
√
mσm, 3(k+1)a2+
18
√
kσka2 + c2(m + 1) + 6c2
√
mσm
36 iaσ
√
k √σm (m+σm √−mm′)
2c 4
√
−mm′
sn(ξ|k)
×
(
cn(η|m) − σm
√
− m′m
cn(η|m)
) − k4σm(√−m′−√mσm)2 √−mm′ , (k + 1)a2 + 3c2(1 − 2m) + 18c2σm
√−mm′, 3(k +
1)a2 + c2(1 − 2m) + 6c2σm
√−mm′
37 iaσ
√
σm
√
k′(m+σm √−mm′)
2c 4
√
−mm′
sc(ξ|k)
×
(
cn(η|m) − σm
√
− m′m
cn(η|m)
) − k
′
4σm(√−m′−√mσm)2 √−mm′ , (k − 2)a
2
+ 3c2(1 − 2m) + 18c2σm
√−mm′, 3(k −
2)a2 + c2(1 − 2m) + 6c2σm
√−mm′
8continue I
number 2
√
ν ∂ tan
−1
∂x
c4
a4
, b
a
, d
c
38 aσ
√
σm
√
kk′ (m+σm √−mm′)
2c 4
√
−mm′
sd(ξ|k)
×
(
cn(η|m)2−σm
√
− m′m
)
cn(η|m)
kk′
4σm(√−m′−√mσm)2 √−mm′ , (1 − 2k)a
2
+ 3c2(1 − 2m) + 18c2σm
√−mm′, (3 −
6k)a2 + c2(1 − 2m) + 6c2σm
√−mm′
39 iakσ
√
σm(m+σm √−mm′)cn(ξ|k)sn(ξ|k)
2c 4
√
−mm′dn(ξ|k)
×
(
cn(η|m) − σm
√
− m′m
cn(η|m)
) − k
2
4σm(√−m′−√mσm)2 √−mm′ ,−2(k − 2)a
2
+ 3c2(1 − 2m) +
18c2σm
√−mm′,−6(k − 2)a2 + c2(1 − 2m) + 6c2σm
√−mm′
40 iakσ σk
√
σm (m+σm √−mm′)cn(ξ|k)
4c 4
√
−mm′(√k′−dn(ξ|k))
×
(
cn(η|m) − σm
√
− m′m
cn(η|m)
) −
k2
64σm(√−m′−√mσm)2 √−mm′ ,−
1
2 (k − 2)a2 + 3c2(1 − 2m) +
18c2σm
√−mm′,− 32 (k − 2)a2 + c2(1 − 2m) + 6c2σm
√−mm′
41 aσ σk
√
σm
√
k′ (m+σm √−mm′)dn(ξ|k)
4c 4
√
−mm′(√ksn(ξ|k)−1)
×
(
cn(η|m) − σm
√
− m′m
cn(η|m)
) −
k′2
64σ3m(√−m′−√mσm)2 √−mm′ ,−
1
2 (k + 1)a2 + 3c2(1 − 2m) +
18c2σm
√−mm′,− 32 (k + 1)a2 + c2(1 − 2m) + 6c2σm
√−mm′
42 iaσ
√
σm(1−2θ[0.5−k]) (m+σm √−mm′)sn(ξ|k)
4c 4
√
−mm′(cn(ξ|k)+1)
×
(
cn(η|m) − σm
√
− m′m
cn(η|m)
) − 164σm(√−m′−√mσm)2 √−mm′ ,
(
k − 12
)
a2 + 3c2(1 − 2m) +
18c2σm
√−mm′,
(
3k − 32
)
a2 + c2(1 − 2m) + 6c2σm
√−mm′
43 iaσ
√
σm (m+σm √−mm′)(√kσksn(ξ|k)2+1)
2c 4
√
−mm′sn(ξ|k)
×
(
cn(η|m) − σm
√
− m′m
cn(η|m)
) −
kσk(σk+√k)2
σm(√−m′−√mσm)2 √−kmm′ , (k + 1)a
2
+ 6
√
kσka2 + 3c2(1 − 2m) +
18c2σm
√−mm′, 3(k + 1)a2 + 18√kσka2 + c2(1 − 2m) + 6c2σm
√−mm′
44 ia σσk
√
k√σm(m+σm √−mm′)
2c 4
√
−mm′
×
(
cn(ξ|k) − σk
√
− k′k
cn(ξ|k)
) (
cn(η|m) − σm
√
− m′m
cn(η|m)
)
σk(√−k′−√kσk)2 √−kk′
σm(√−m′−√mσm)2 √−mm′ , (1 − 2k)a
2
+ 6σk
√
−kk′a2 + 3c2(1 − 2m) +
18c2σm
√−mm′, (3− 6k)a2 + 18σk
√
−kk′a2 + c2(1− 2m)+ 6c2σm
√−mm′
45 iaσ
√
k √σmsn(ξ|k)(√m′−dn(η|m)2σm)
2c (σm √m′−1) 4√m′dn(η|m) −
k
4σm(√m′−σm)2 √m′ , (k+1)a
2
+3c2(m−2)+18c2σm
√
m′, 3(k+1)a2+c2(m−
2) + 6c2σm
√
m′
46 iaσ
√
σm
√
k′sc(ξ|k)(√m′−dn(η|m)2σm)
2c (σm √m′−1) 4√m′dn(η|m) −
k′
4σm(√m′−σm)2 √m′ , (k−2)a
2
+3c2(m−2)+18c2σm
√
m′, 3(k−2)a2+c2(m−
2) + 6c2σm
√
m′
47 aσ
√
σm
√
kk′sd(ξ|k)(√m′−dn(η|m)2σm)
2c (σm √m′−1) 4√m′dn(η|m)
kk′
4σm(√m′−σm)2 √m′ , (1−2k)a
2
+3c2(m−2)+18c2σm
√
m′, (3−6k)a2+c2(m−
2) + 6c2σm
√
m′
48 iakσ
√
σmcn(ξ|k)sn(ξ|k) (√m′−dn(η|m)2σm)
2c(σm √m′−1) 4√m′dn(η|m)dn(ξ|k) −
k2
4σm(√m′−σm)2 √m′ ,−2(k− 2)a
2
+ 3c2(m− 2)+ 18c2σm
√
m′,−6(k− 2)a2 +
c2(m − 2) + 6c2σm
√
m′
49 iakσ σk
√
σmcn(ξ|k)(dn(η|m)2σm−√m′)
4c(σm √m′−1) 4√m′dn(η|m)(√k′−dn(ξ|k)) −
k2
64σm(√m′−σm)2 √m′ ,−
1
2 (k−2)a2+3c2(m−2)+18c2σm
√
m′,− 32 (k−2)a2+
c2(m − 2) + 6c2σm
√
m′
50 aσ σk
√
σm
√
k′dn(ξ|k)(dn(η|m)2σm−√m′)
4c(σm √m′−1) 4√m′dn(η|m)(√ksn(ξ|k)−1) −
k′2
64σm(√m′−σm)2 √m′ ,−
1
2 (k+1)a2+3c2(m−2)+18c2σm
√
m′,− 32 (k+1)a2+
c2(m − 2) + 6c2σm
√
m′
51 aσi(1−2θ[0.5−k])
√
σmsn(ξ|k)(√m′−dn(η|m)2σm)
4c(σm √m′−1) 4√m′(cn(ξ|k)+1)dn(η|m) −
1
64σm(√m′−σm)2 √m′ ,
(
k − 12
)
a2 + 3c2(m − 2) + 18c2σm
√
m′,
(
3k − 32
)
a2 +
c2(m − 2) + 6c2σm
√
m′
52 iaσ
√
σm(√kσksn(ξ|k)2+1) (√m′−dn(η|m)2σm)
2c(σm √m′−1) 4√m′dn(η|m)sn(ξ|k) −
√
k−kmσk(σk+√k)2
σm(√m′−σm)2m′ , (k+ 1)a
2
+ 6
√
kσka2 + 3c2(m− 2)+ 18c2σm
√
m′, 3(k +
1)a2 + 18√kσka2 + c2(m − 2) + 6c2σm
√
m′
53 a
√
kσσk
√
σm(dn(η|m)2σm−√m′)
2c (σm √m′−1) 4√m′dn(η|m)
×
(
cn(ξ|k) − σk
√
− k′k
cn(ξ|k)
)
σk(√−k′−√kσk)2
√
− kk′
m′
σm(√m′−σm)2 , (1 − 2k)a
2
+ 6σk
√
−kk′a2 + 3c2(m − 2) +
18c2σm
√
m′, (3 − 6k)a2 + 18σk
√
−kk′a2 + c2(m − 2) + 6c2σm
√
m′
54 aσσk
√
σm(√k′−dn(ξ|k)2σk)(√m′−dn(η|m)2σm)
2c(σm √m′−1) 4√m′dn(η|m)dn(ξ|k)
σk(√k′−σk)2
√
k′
m′
σm(√m′−σm)2 , (k − 2)a
2
+ 6σk
√
k′a2 + 3c2(m − 2) + 18c2σm
√
m′, 3(k −
2)a2 + 18σk
√
k′a2 + c2(m − 2) + 6c2σm
√
m′
55 2a
√
kσsn(ξ|k)
(
σ
3/2
m +
4√msn(η|m)
)
c(√m−σm)σm(σ3/2m − 4√msn(η|m))
16k
(√mσm−1)4 , (k + 1)a
2 − 32 c2(m + 1) − 9c2
√
mσm, 3(k + 1)a2 − c22 (m + 1) −
3c2
√
mσm
9continue I
number 2
√
ν ∂ tan
−1
∂x
c4
a4
, b
a
, d
c
56 2aσ
√
k′sc(ξ|k)
(
σ
3/2
m +
4√msn(η|m)
)
c(√m−σm)σm(σ3/2m − 4√msn(η|m))
16k′
(√mσm−1)4 , (k − 2)a
2 − 32 c2(m+ 1) − 9c2
√
mσm, 3(k − 2)a2 − 12 c2(m+ 1) −
3c2
√
mσm
57 2iaσ
√
kk′sd(ξ|k)
(
σ
3/2
m +
4√msn(η|m)
)
c(√m−σm)σm(σ3/2m − 4√msn(η|m)) −
16kk′
(√mσm−1)4 , (1 − 2k)a
2 − 32 c2(m + 1) − 9c2
√
mσm, (3 − 6k)a2 − 12 c2(m +
1) − 3c2 √mσm
58 2akσcn(ξ|k)sn(ξ|k)
(
σ
3/2
m +
4√msn(η|m)
)
c (√m−σm)σmdn(ξ|k)(σ3/2m − 4√msn(η|m))
16k2
(√mσm−1)4 ,
(
−2(k − 2)a2 − 32 c2(m + 1)
)
−9c2 √mσm,−6(k−2)a2− 12 c2(m+
1) − 3c2 √mσm
59 akσσkcn(ξ|k)
(
σ
3/2
m +
4√msn(η|m)
)
c(√m−σm)σm(σ3/2m − 4√msn(η|m))(√k′−dn(ξ|k))
k2
(√mσm−1)4 ,
1
2 (2− k)a2 − 32 c2(m+1)−9c2
√
mσm,− 32 (k−2)a2 − c
2
2 (m+1)−
3c2
√
mσm
60 iaσσk
√
k′dn(ξ|k)
(
σ
3/2
m +
4√msn(η|m)
)
c (√m−σm)σm(√ksn(ξ|k)−1)(σ3/2m − 4√msn(η|m))
k′2
(√mσm−1)4 ,
1
2 (−k − 1)a2 − 32 c2(m + 1) − 9c2
√
mσm,− 32 (k + 1)a2 − c
2
2 (m +
1) − 3c2 √mσm
61 aσ(1−2θ[0.5−k])sn(ξ|k)
(
σ
3/2
m +
4√msn(η|m)
)
c(√m−σm)σm(cn(ξ|k)+1) (σ3/2m − 4√msn(η|m))
1
(√mσm−1)4 ,
1
2 (2k − 1)a2 − 32 c2(m + 1) − 9c2
√
mσm,
1
2 (6k − 3)a2 − c
2
2 (m +
1) − 3c2 √mσm
62 2aσ(
√
kσksn(ξ|k)2+1)(σ3/2m + 4√msn(η|m))
cσm(√m−σm) sn(ξ|k)(σ3/2m − 4√msn(η|m))
64
√
kσk(σk+√k)2
(√mσm−1)4 , (k+1)a
2
+6
√
kσka2− 32 c2(m+1)−9c2
√
mσm, 3(k+1)a2+
18
√
kσka2 − c22 (m + 1) − 3c2
√
mσm
63
2ia
√
kσσk
(
σ
3/2
m +
4√msn(η|m)
)cn(ξ|k)− σk
√
− k′k
cn(ξ|k)

c(√m−σm)σm(σ3/2m − 4√msn(η|m)) −
64σk(√−k′−√kσk)2 √−kk′
(√mσm−1)4 , (1 − 2k)a
2
+ 6σk
√
−kk′a2 − 32 c2(m + 1) −
9c2
√
mσm, 3(1 − 2k)a2 + 18σk
√
−kk′a2 − c22 (m + 1) − 3c2
√
mσm
64 2iaσσk
(
σ
3/2
m +
4√msn(η|m)
)(√k′−dn(ξ|k)2σk)
cσm(√m−σm) dn(ξ|k)(σ3/2m − 4√msn(η|m)) −
64σk(√k′−σk)2 √k′
(√mσm−1)4 , (k − 2)a
2
+ 6σk
√
k′a2 − 32 c2(m + 1) − 9c2
√
mσm, 3(k −
2)a2 + 18σk
√
k′a2 − 12 c2(m + 1) − 3c2
√
mσm
65
aσi(√k−σk)
(
σ
3/2
k +
4√ksn(ξ|k)
)(
σ
3/2
m +
4√msn(η|m)
)
cσm(√m−σm)
(
σ
3/2
k −
4√ksn(ξ|k)
)(
σ
3/2
m − 4
√
msn(η|m)
) (
√
kσk−1)4
(√mσm−1)4 ,
1
2 (−k−1)a2−3
√
kσka2− 32 c2(m+1)−9c2
√
mσm,− 32 (k+1)a2−
9
√
kσka2 − c22 (m + 1) − 3c2
√
mσm
66
2a
√
kσsn(ξ|k)
(
4√
m′(−σm)3/2+ 4
√−mcn(η|m)
)
c(√m′σm+√−m)
(
4√−mcn(η|m)−(−σm)3/2 4
√
m′
) 16k(√m′σm+√−m)4 , (k+1)a2+ 32 c2(2m−1)+9c2σm
√−mm′, 3(k+1)a2+ 12 c2(2m−
1) + 3c2σm
√−mm′
67
2aσ
√
k′sc(ξ|k)
(
4√
m′(−σm)3/2+ 4
√−mcn(η|m)
)
c(√m′σm+√−m)
(
4√−mcn(η|m)−(−σm)3/2 4
√
m′
) 16k′(√m′σm+√−m)4 , (k−2)a2+ 32 c2(2m−1)+9c2σm
√−mm′, 3(k−2)a2+ 12 c2(2m−
1) + 3c2σm
√−mm′
68
2iaσ
√
kk′sd(ξ|k)
(
4√
m′(−σm)3/2+ 4
√−mcn(η|m)
)
c(√m′σm+√−m)
(
4√−mcn(η|m)−(−σm)3/2 4
√
m′
) − 16kk′(√m′σm+√−m)4 , (1 − 2k)a2 + 32 c2(2m − 1) + 9c2σm
√−mm′, (3 − 6k)a2 +
1
2 c
2(2m − 1) + 3c2σm
√
−mm′
69 2akσcn(ξ|k)sn(ξ|k)
c(√m′σm+√−m)dn(ξ|k)
×
(
4√
m′(−σm)3/2+ 4
√−mcn(η|m)
)
(
4√−mcn(η|m)−(−σm)3/2 4
√
m′
)
16k2
(√m′σm+√−m)4 ,−2(k − 2)a
2
+
3
2 c
2(2m − 1)+ 9c2σm
√−mm′,−6(k − 2)a2 +
1
2 c
2(2m − 1) + 3c2σm
√−mm′
70 akσσkcn(ξ|k)
c (√m′σm+√−m)(√k′−dn(ξ|k))
×
(
4√
m′(−σm)3/2+ 4
√−mcn(η|m)
)
(
4√−mcn(η|m)−(−σm)3/2 4
√
m′
)
k2
(√m′σm+√−m)4 ,−
1
2 (k − 2)a2 + 32 c2(2m− 1)+ 9c2σm
√−mm′,− 32 (k− 2)a2 +
c2
2 (2m − 1) + 3c2σm
√−mm′
71 iaσσk
√
k′dn(ξ|k)
c (√m′σm+√−m)(√ksn(ξ|k)−1)
×
(
4√
m′(−σm)3/2+ 4
√−mcn(η|m)
)
(
4√−mcn(η|m)−(−σm)3/2 4
√
m′
)
k′2
(√m′σm+√−m)4 ,−
1
2 (k + 1)a2 + 32 c2(2m− 1)+ 9c2σm
√−mm′,− 32 (k+ 1)a2 +
c2
2 (2m − 1) + 3c2σm
√−mm′
72 aσ(1−2θ[0.5−k])sn(ξ|k)
c(√m′σm+√−m)(cn(ξ|k)+1)
×
(
4√
m′(−σm)3/2+ 4
√−mcn(η|m)
)
(
4√−mcn(η|m)−(−σm)3/2 4
√
m′
)
1
(√m′σm+√−m)4 ,
(
k − 12
)
a2 + 32 c
2(2m − 1) + 9c2σm
√−mm′,
(
3k − 32
)
a2 +
1
2 c
2(2m − 1) + 3c2σm
√
−mm′
73 2aσ(
√
kσksn(ξ|k)2+1)
c(√m′σm+√−m)sn(ξ|k)
×
(
4√
m′(−σm)3/2+ 4
√−mcn(η|m)
)
(
4√−mcn(η|m)−(−σm)3/2 4
√
m′
)
64
√
kσk(σk+√k)2
(√m′σm+√−m)4 , (k+ 1)a
2
+ 6
√
kσka2 + 32 c
2(2m− 1)+ 9c2σm
√
−mm′, 3(k+
1)a2 + 18√kσka2 + 12 c2(2m − 1) + 3c2σm
√
−mm′
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2ia
√
kσσk
cn(ξ|k)− σk
√
− k′k
cn(ξ|k)

c(√m′σm+√−m)
×
(
4√
m′(−σm)3/2+ 4
√−mcn(η|m)
)
(
4√−mcn(η|m)−(−σm)3/2 4
√
m′
)
− 64σk(
√
−k′−
√
kσk)2 √−kk′
(√m′σm+√−m)4 , (1 − 2k)a
2
+ 6σk
√
−kk′a2 + 32 c2(2m − 1) +
9c2σm
√−mm′, (3− 6k)a2 + 18σk
√
−kk′a2 + 12 c2(2m− 1)+ 3c2σm
√−mm′
75 2iaσσk(dn(ξ|k)2σk−
√
k′)
c(√m′σm+√−m)dn(ξ|k)
×
(
4√
m′(−σm)3/2+ 4
√−mcn(η|m)
)
(
4√−mcn(η|m)−(−σm)3/2 4
√
m′
)
− 64σk(
√
k′−σk)2 √k′
(√m′σm+√−m)4 , (k−2)a
2
+6σk
√
k′a2+ 32 c
2(2m−1)+9c2σm
√−mm′, 3(k−
2)a2 + 18σk
√
k′a2 + 12 c
2(2m − 1) + 3c2σm
√−mm′
76
aσ(√k−σk)
(
σ
3/2
k +
4√ksn(ξ|k)
)
c(√m′σm+√−m)
(
σ
3/2
k −
4√ksn(ξ|k)
)
×
(
4√
m′(−σm)3/2+ 4
√−mcn(η|m)
)
(
4√−mcn(η|m)−(−σm)3/2 4
√
m′
)
(√kσk−1)4
(√m′σm+√−m)4 ,
1
2 (−k − 1)a2 − 3
√
kσka2 + 32 c
2(2m − 1) +
9c2σm
√−mm′,− 32 (k + 1)a2 − 9
√
kσka2 + c
2
2 (2m − 1) + 3c2σm
√−mm′
77
iaσ (√k′σk+√−k)
(
4√k′(−σk)3/2+ 4√−kcn(ξ|k)
)
c(√m′σm+√−m)
(
4√−kcn(ξ|k)−(−σk)3/2 4√k′
)
×
(
4√
m′(−σm)3/2+ 4
√−mcn(η|m)
)
(
4√−mcn(η|m)−(−σm)3/2 4
√
m′
)
(√k′σk+√−k)4
(√m′σm+√−m)4 ,
(
k − 12
)
a2 + 3σk
√
−kk′a2 + 32 c2(2m − 1) +
9c2σm
√−mm′, 9σk
√
−kk′a2 + 12 (6k − 3)a2 + c
2
2 (2m − 1)+ 3c2σm
√−mm′
78
2iaσm
√
kσsn(ξ|k)
(
4√
m′σ3/2m +dn(η|m)
)
c(σm √m′−1)
(
dn(η|m)−σ3/2m 4
√
m′
) 16k(σm √m′−1)4 , (k+ 1)a2 − 32 c2(m− 2)+ 9c2σm
√
m′, 3(k+ 1)a2 − 12 c2(m− 2)+
3c2σm
√
m′
79
2iaσ σm
√
k′sc(ξ|k)
(
4√
m′σ3/2m +dn(η|m)
)
c(σm √m′−1)
(
dn(η|m)−σ3/2m 4
√
m′
) 16k′(σm √m′−1)4 , (k− 2)a2 − 32 c2(m− 2)+ 9c2σm
√
m′, 3(k− 2)a2 − 12 c2(m− 2)+
3c2σm
√
m′
80
2aσ σm
√
kk′sd(ξ|k)
(
4√
m′σ3/2m +dn(η|m)
)
c(σm √m′−1)
(
dn(η|m)−σ3/2m 4
√
m′
) − 16kk′(σm √m′−1)4 , (1 − 2k)a2 − 32 c2(m − 2) + 9c2σm
√
m′, (3 − 6k)a2 − 12 c2(m −
2) + 3c2σm
√
m′
81
2iakσσm cn(ξ|k)sn(ξ|k)
(
4√
m′σ3/2m +dn(η|m)
)
c(σm √m′−1)dn(ξ|k)
(
dn(η|m)−σ3/2m 4
√
m′
) 16k2(σm √m′−1)4 ,−2(k− 2)a2 − 32 c2(m− 2)+ 9c2σm
√
m′,−6(k− 2)a2 − 12 c2(m−
2) + 3c2σm
√
m′
82
iakσ σkσmcn(ξ|k)
(
σ
3/2
m
4√
m′+dn(η|m)
)
c(σm √m′−1)(√k′−dn(ξ|k))
(
dn(η|m)−σ3/2m 4
√
m′
) k2(σm √m′−1)4 ,− 12 (k − 2)a2 − 32 c2(m− 2)+ 9c2σm
√
m′,− 32 (k − 2)a2 − c
2
2 (m−
2) + 3c2σm
√
m′
83
aσ σkσm
√
k′dn(ξ|k)
(
σ
3/2
m
4√
m′+dn(η|m)
)
c(σm √m′−1)(√ksn(ξ|k)−1)
(
dn(η|m)−σ3/2m 4
√
m′
) k′2(σm √m′−1)4 ,− 12 (k + 1)a2 − 32 c2(m− 2)+ 9c2σm
√
m′,− 32 (k + 1)a2 − c
2
2 (m−
2) + 3c2σm
√
m′
84 aσ σm(1−2θ[0.5−k])sn(ξ|k)
c
(
σ
3/2
m
4√
m′−1
)(
4√
m′σ3/2m +1
)
(cn(ξ|k)+1)
×
(
σ
3/2
m
4√
m′+dn(η|m)
)
(
σ
3/2
m
4√
m′−dn(η|m)
)
1
(σm √m′−1)4 ,
(
k − 12
)
a2 − 32 c2(m − 2) + 9c2σm
√
m′,
(
3k − 32
)
a2 − 12 c2(m −
2) + 3c2σm
√
m′
85
2iaσσm(√kσksn(ξ|k)2+1)
(
4√
m′σ3/2m +dn(η|m)
)
c(σm √m′−1)sn(ξ|k)
(
dn(η|m)−σ3/2m 4
√
m′
) 64
√
kσk(σk+√k)2
(σm √m′−1)4 , (k+1)a
2
+6
√
kσka2− 32 c2(m−2)+9c2σm
√
m′, 3(k+1)a2+
18
√
kσka2 − 12 c2(m − 2) + 3c2σm
√
m′
86
2a σσkσm
√
k(k+σk √−kk′)
cn(ξ|k)− σk
√
− k′k
cn(ξ|k)

c(σm √m′−1)
×
(
σ
3/2
m
4√
m′+dn(η|m)
)
(
σ
3/2
m
4√
m′−dn(η|m)
)
− 64σk(
√
−k′−
√
kσk)2 √−kk′
(σm √m′−1)4 , (1 − 2k)a
2
+ 6σk
√
−kk′a2 − 32 c2(m − 2) +
9c2σm
√
m′, (3 − 6k)a2 + 18σk
√
−kk′a2 − 12 c2(m − 2) + 3c2σm
√
m′
87
2aσσkσm(√k′−dn(ξ|k)2σk)
(
4√
m′σ3/2m +dn(η|m)
)
c(σm √m′−1)dn(ξ|k)
(
dn(η|m)−σ3/2m 4
√
m′
) − 64σk(
√
k′−σk)2 √k′
(σm √m′−1)4 , (k − 2)a
2
+ 6σk
√
k′a2 − 32 c2(m− 2)+ 9c2σm
√
m′, 3(k −
2)a2 + 18σk
√
k′a2 − 12 c2(m − 2) + 3c2σm
√
m′
88
aσ(σm √k−σk)
(
σ
3/2
k +
4√ksn(ξ|k)
)
c(σm √m′−1)
(
σ
3/2
k −
4√ksn(ξ|k)
)
×
(
σ
3/2
m
4√
m′+dn(η|m)
)
(
σ
3/2
m
4√
m′−dn(η|m)
)
(√kσk−1)4
(σm √m′−1)4 ,
1
2 (−k − 1)a2 − 3
√
kσka2 − 32 c2(m − 2) + 9c2σm
√
m′,− 32 (k +
1)a2 − 9√kσka2 − 12 c2(m − 2) + 3c2σm
√
m′
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aσσm (√k′σk+√−k)
(
4√k′(−σk)3/2+ 4√−kcn(ξ|k)
)
c(σm √m′−1)
(
4√−kcn(ξ|k)−(−σk)3/2 4√k′
)
×
(
σ
3/2
m
4√
m′+dn(η|m)
)
(
σ
3/2
m
4√
m′−dn(η|m)
)
(√k′σk+√−k)4
(σm √m′−1)4 ,
(
k − 12
)
a2 + 3σk
√
−kk′a2 − 32 c2(m − 2) +
9c2σm
√
m′,
(
3k − 32
)
a2 + 9σk
√
−kk′a2 − 12 c2(m − 2) + 3c2σm
√
m′
90
iaσσm(√k′σk+√−k)
(
4√k′σ3/2k +dn(ξ|k)
)
c(σm √m′−1)
(
dn(ξ|k)−σ3/2k
4√k′
)
×
(
σ
3/2
m
4√
m′+dn(η|m)
)
(
σ
3/2
m
4√
m′−dn(η|m)
)
(σk √k′−1)4
(σm √m′−1)4 ,−
1
2 (k − 2)a2 + 3σk
√
k′a2 − 32 c2(m − 2) + 9c2σm
√
m′,− 32 (k −
2)a2 + 9σk
√
k′a2 − 12 c2(m − 2) + 3c2σm
√
m′
Note: θ[x] is θ function,it satisfies x < 0, θ[x] = 0; x ≥ 0, θ[x] = 1. σ2m = 1, σ2k = 1.
IV. CONCLUSION
So we can conclude that If two Jacobi elliptic function solutions of a NDE satisfy (1) and (2), the two solutions are equivalent. According
to the usage of the modulus and phase transformation of elliptic functions to mKdV, a lot of the eqivalent Jacobi elliptic function solutions
can be obtained when we knowing one of the Jacobi elliptic function solutions to some NDEs. It can be used to test the eqivalent of the other
NDEs’ Jacobi elliptic function solutions.
Appendix: Definition and Jacobi elliptic function
Common Jacobi elliptic function have three kinds[6,7] :sn(x|k), cn(x|k) and dn(x|k), where k is the module of the Jacobi elliptic function.
They meet the relations
sn(x|k)2 + cn(x|k)2 = 1, dn(x|k)2 + ksn(x|k)2 = 1, dn(x|k)2 − kcn(x|k)2 = 1 − k = k′. (66)
It is known that
sn(−x|k) = −sn(x|k), cn(−x|k) = cn(x|k), dn(−x|k) = dn(x|k), (67)
where k′ is complementary module of Jacobi elliptic function. Except sn(x|k), cn(x|k) and dn(x|k), other nine Jacobi elliptic functions can be
defined
1/sn(x|k) ≡ ns(x|k), dn(x|k)/cn(x|k) ≡ dc(x|k), cn(x|k)/dn(x|k) ≡ cd(x|k),
1/cn(x|k) ≡ nc(x|k), dn(x|k)/sn(x|k) ≡ ds(x|k), sn(x|k)/dn(x|k) ≡ sd(x|k),
1/dn(x|k) ≡ nd(x|k), sn(x|k)/cn(x|k) ≡ sc(x|k), cn(x|k)/sn(x|k)) ≡ cs(x|k).
Jacobi elliptic function has some common phase transformation, such as
sn(x + 2pK + 2iqK′ |k) = (−1)psn(x|k), (68)
cn(x + 2pK + 2iqK′ |k) = (−1)p+qcn(x|k), (69)
dn(x + 2pK + 2iqK′ |k) = (−1)qdn(x|k), (70)
sn(x + K + iK′|k) = dc(x|k)√
k
, (71)
cn(x + K + iK′|k) = −i
√
k′/ knc(x|k), (72)
dn(x + K + iK′|k) = −i
√
k′sc(x|k), (73)
sn(x + K|k) = cd(x|k), (74)
12
cn(x + K|k) =
√
k′sd(x|k), (75)
dn(x + K|k) =
√
k′nd(x|k), (76)
sn(x + iK′|k) = 1√
k
ns(x|k), (77)
cn(x + iK′|k) = −i√
k
ds(x|k), (78)
dn(x + iK′|k) = cs(x|k), (79)
where i2 = −1, K =
∫ pi/2
0 [1 − k sin
2(θ)]−
1
2 dθ, K′ =
∫ pi/2
0 [1 − k′ sin
2(θ)]−
1
2 dθ, p and q are integers.
[1] Liu S K, Fu J T, Liu S D, et al. Jacobi elliptic function expansion method and periodic wave solutions of nonlinear wave equa-
tions[J]. Phys. Lett. A, 2001, 289(1-2):69-74.
[2] Fu Z T, Liu S K, Liu S D, et al. New Jacobi elliptic function expansion and new periodic solutions of nonlinear wave equa-
tions[J]. Phys. Lett. A, 2001, 290(1-2):72-76.
[3] Liu G T, Fan T Y. New applications of developed Jacobi elliptic function expansion methods J][J]. phys. Lett. A, 2005, 345(1):161-166.
[4] Shen S F, Pan Z L, A note on the Jacobi elliptic function expansion method[J]. Phys. Lett. A, 2001, 308(1):143-148.
[5] Kevrekidis P G, Khare A, Saxena A and Herring G. On Some Classes of mKdV Periodic Solu-
tions[J]. J. Phys. A, Math. Gen, 2004, 37(45):10959-10967.
[6] Gao B Q Elliptic Functions and Applications[M] (Beijing National Defence Industry Press, 1991).
[7] Mathematics Handbook Writing Group, Math Handbook(Higher Education Press, 2006 ).
[8] Dixon A C. The elementary properties of elliptic functions with examples[M], London:Macmillan, 1894.
[9] Kevrekidis P G, AKhare, A Saxena. Breather lattice and its stabilization for the modified Korteweg-deVries equa-
tion[J]. Phys. Rev. E, 2003, 68(4):047701-047704.
[10] Yan Z Y. New binary travelling-wave periodic solutions for the modified KdV equation[J]. Physics Letters A, 2008, 372(7):969-977.
[11] Fu Z T, Liu S D, Liu S K. A systematical way to find breather lattice solutions to the positive mKdV equation[J]. Journal of
Physics. A, 2005, 40(18):4739-4746.
